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SECTION  I - INTRODUCTION 


The  determination  of  the  spot  si/.e  of  a eathotle-ray  tuhr  has  been,  at  best,  a 
subjective  process.  Thus,  the  sbr  inkinq  - raste  r method  of  ineasurinq  spot 
sizes  relies  on  the  judi;ment  of  the  observer  to  determine  when  a sc't  of  lines 
appears  to  merqe.  Similarly,  any  iittenipt  to  measure  the  spot  diameter  with 
a microscope  is  also  depend«*nt  upon  the  observi'r  bt'cause  of  the  way  the  flux 
density  varies  over  tlu'  area  of  the  spot. 

This  report  describes  an  instrument  for  d»'termininq  spot  size;  the  instrumiuit 

is  independent  of  the  observ«>r.  The  spot  si/.e  is  definefl  rt  s beinq  ('qual  to  the 

side  of  a square  within  which  the  curr<uit  density  in  the  Griussian  distribution 

> ) 

- 1 1 

about  a etaiiottary  beam  I e mav  be  redistributed  uniformly  with  current 

density  I^. 

Then 

k ~ ~ ^ . (1) 

V.’  w 

The  equipment  may  be  clestened  so  the  measured  value  of  s j)Ot  size  has  an  rms 
uncertainty  of  less  than  four  percent. 


Soller,  T.  ; Starr,  M.  A.  ; and  Valley,  G.  E.  , Jr.  : Cat  bode  - Ra  y Tube 
Displays.  New  York,  McGraw-Hill  Book  Co.,  Inc.^^  1H4W.  pp  b^O-hOO. 

^Levine,  Daniel;  Siqnificance  of  Line  Width  in  PPI  Displays,  GER-6142. 
Akron,  Ohio,  Goodyear  Aircraft  Corporation.  1 b June  54;  p 37, 
Equation  D - 1 . 


-1- 


GER-5670 


SECTION  II  - DESCRIPTION 


The  instrument  (see  Figure  1)  c onsists  of  a chart,  a lens  to  focus  the  ert 
spot  onto  the  chart,  and  a lens  to  focus  the  li(»ht  passini*  through  the  chart  onto 
a phototube.  A filter  is  placed  in  the  liftht  beam  to  pass  only  the  short  per- 
sistent component  of  the  phosphor  liqht  radiation.  In  practice,  the  filter 
would  undoubtedly  be  mounted  on  the  object  lens;  however,  its  position  is  un- 
important. 

The  chart  is  a scries  of  opaque  spac fs  separated  by  clear  apertures  of  var- 
ious widths  (see  Fit’ure  Z).  The  opaque  spaces  and  the  first  clear  aperture 
have  a width  (W)  at  least  four  times  the  width  of  the  largest  spot  to  be  meas- 
ured. The  width  of  the  narrowest  clear  space  is  approximately  four-fifths 
of  the  size  of  the  smallest  spot  to  be  n'.easured. 
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SECTION  111  - THEORY 


Wlicn  a spot  is  focvisocl  witliin  a single  ctoar  aperture,  it  has  been  sliown  that, 
if  the  phosphor  decay  is  nej^leeted,  the  relative  licjht  out])ut  is 


L 

IT 


k(x  + 


W)] 


n(kx)|. 


U) 


where  x is  the  distaiuM'  measured  from  the  center  of  the  bi-am  to  the  leadinp 
edt>o  of  the  aperture. 

This  has  its  maximum  \ailue  when 


X 


(3) 


i.e.  , wlien  the  siJot  is  ciMiterecl  in  tin'  apertvire. 


If  the  niaximum  is  clenotc'd  liv  s\ibsi  ri])t  M,  tlien 


Sulistitution  of  tlie  df'fimtion  of  k itito  Ecpi.uion  4 yields 


H 


Vjf  w\ 

T w • 


('») 


(5) 


The  ligl't  ratio  may  he  mea.sured  t>y  ))laciiu;  the  output  of  tlie  pliototuhe  on  a 
suitable  recorder.  The  lifjlit  throut;h  a cliart  (see  Figure  3A)  .is  recorded  ;it 
the  phototube  output  is  illustr.ited  in  Figure  3B  for  the  case  where  tlie  spot 
size  is  equal  to  the  width  of  the  second  a))erture. 

When  the  spot  is  in  the  centi'r  of  the  first  aperture  there  is  no  significant 
limiting  of  the  light  output,  and  the  value  of  is  determined  (see  Figure  3C, 
left).  However,  when  the  spot  is  ;it  the  center  of  an  aperture  that  is  equal  to 
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llic  ,s))ot  1\  luTCViit  (It  Ihf  is  ol)S  I rtu,  t i-d  Ijy  the  op. nine  b.i  r s (see 

Fij'ure  iC,  ceMter),  In  Ftj;ur>‘  ’«C,  rijdii,  the  coiUours  permit  the 

furtlier  reduction  of  itnixiinum  li^ht  .isstx  i.ited  with  .in  .ipi-rlure  halt  tlie  soot 
size  to  he  visualized. 

Alter  the  ratio  is  measured,  F(|uatii>n  may  hi‘  used  to  solve  for  spot  size. 
Alte  rn.'iti  ve  ly , the  (tr.iph  of  Fipure  •!  may  he  emjiloyed.  Tlie  cur\’e  dr.av.n 
here  has  .a  juiint  of  inflection  at 

^ = O.S.'huli  . (o) 


as  derived  in  Aiipendix  A,  Ecpi.ation  A-1  1.  Con-.ecpu'nt  ly , in  the  repion  of  this 
spot-size  v.alue,  a sm.ill  error  in  the  roadin;;  ol  tlie  lij^ht  r.itio  h.i  s ;i  minimum 
('ffect  on  the  accuracy  of  the  spot-size  <let<- rmin.i t ion. 
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SECTION  IV  ERROR  ANALYSIS 


The  expression  for  the  maximum  relative  error  is  (jiven  in  Equation  A-24  as 


IT  ( w 


-2 


AW 

IT 


(7) 


For  a one-percent  error  in  aperture  width  and  in  each  recorded  reading,  the 
maximum  relative  error  is  qiven  i>y  Etjuation  A-27  as 


I Awl 


( ma  X 1 


= 0 02  — 
W 


7T  /wN 


0.  01  , 


(8) 


and  the  rms  vahie  of  the  rel.itive  error  (see  Ecpiation  A-27)  is 


Aw  . < 

— (rms)  = 


1/2 


0.  0001 


(9) 


The  error  functions  are  plotted  in  Fit’ures  S and  6 for  either  one-or  two- 
percent  maximum  error  in  each  readini>.  From  the  graphs  it  is  apparent 
that  minimum  relative  error  in  the  spot  si/.e  me.tsured  is  obtained  when  the 
spot  size-to-aperture  ratio  is  1.2^;  ami  for  a one-percent  recordinij  and 
reading  error,  the  rms  relative  error  is  less  than  four  percent  over  the  range 


w 

0.  08<  2.  4 . 


(10) 


The  maximum  error  is  6.  5 percent  over  this  range.  Consequently,  a grating 
designed  for  measurement  of  a wide  range  of  spot  sizes  may  have  adjacent 
aperture  widths  in  a 3:1  ratio. 

It  is  also  apparent  from  Figures  5 and  6 that,  for  a 2-percent  recording  and 


I 
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Figure  5 - RMS  Value  of  Relative  Spot-Size  Error  as  Function  of 
Spot -to-Aperture  Ratio 
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reading  error,  the  rms  relative  error  is  less  than  8 percent  over  approxi- 
mately the  same  range  as  Equation  10,  while  the  maximum  error  is  12  per- 
cent. 

The  accurate  range  region  in  Figure  4 corresponds  to  that  specified  in 
Equation  10. 

The  basic  relation  of  this  report  is  Equation  2,  which  was  derived  on  the 
assumption  that  the  distribution  of  the  electrons  iii  a beam  is  Gaussian,  and 
that  the  light  output  of  the  phosphor  (neglecting  decay)  is  directly  proportional 
to  the  current  density.  Consequently,  the  error  equations  will  apply  only 
when  these  assumptions  arc  closely  approximated. 
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H(x) 


2 

'fn 


du  =tb‘“  probability 


i nt  f (>  r a 1 


k = constant  determined  by  definition  of  spot  size  f(5r  a 

GtTussinn  spot;  for  purposes  of  this  re])ort,  it  is  equal 
to  Vff* / w 


L = reference  level  of  liqht  flux,  measured  when  flyint;  spot 
is  focused  on  center  of  widest  aperture  on  test  chart 


Lj^  = lit?ht  flux  incident  upon  photocathode  when  flyiiq^  spot  is 

focused  on  center  of  an  aperture  other  than  the  refereticc 
ape  r ture 

L = light  tUtx  incident  on  photocathode  after  passing  through 
an  apert;;re  on  the  slide 

W = width  of  aperture 

w = spot  size  of  the  c athoile  - ra  y tube 

X = distance  from  center  of  spot  to  leading  edge  c?f  aperture 
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APPENDIX  A - DERIVATION  OF  ERROR  EQUATIONS 


The  relative  li(^ht  output  given  by  E<iu.»tion  S is 


V^f  \v 


e‘'‘  (hi  . 


(A-1) 


The  derivatives  of  w/ W with  res])eet  to  the  lu>ht  output  are  found  by  defining 
z and  y as 

’m 


y = 


M’ 


1 

f(y)  - — e 


-u 


du 


y 


so  that  Equation  A-1  becomes 

= f(y). 

and  an  implicit  equation  < an  be  formed  as 

g(z,  y)  = 7.  - f(y)  = 0. 

Then 


(A.P) 


(A-V 


(A-‘l) 


and 


dg  _ , 9f(y)  fly  _ r, 

(Tz  0 y cTz 


(A-5) 
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aimm;ni)1x  a diihivation  or  ihhou  i.. jn  \ i io;.s 


r,i;u  '■>('.7'' 


3'  i(v)/'ivY  3f(v)  ii'  v 

3v‘-  V.  J - 3f  .,7 


F'roni  PJqu.it  ion;;  A - ;md  A-(> 


.ly  _ 1 1 

3 y '•!  y 


(A-(.) 


3'  f(v)  / <iy  \ 

" ■ ~^nYT~ 

3y 

I Fu'  IjL’iIjnitz  formula  is  list'd  to  find  tin-  diT  ivat  iv't*  of  f(y)  for  iiiti’t^r.d  iiii>  iindor 
llu'  inlc(^r;il  siqn;  lluis,  from  FJqii.d  ion  A 


<lv 


(A-7) 


> 


TIk’11 


(A-ft) 


d'^f  = _±_ 


dy 


VTf 


2 

~T 

y 


■>  r 

vn 


“Z 


(a-9) 


Substitution  of  Eqimlionfi  A-H  .and  ,A-9  into  A-7  yiolcls 

•2 


dy  _ 

in.  - 


^ v^,.y 


(A-IO) 


and 
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1^-  1 -<y  ' 

(1  V ‘It-' 

~ nTtF  y"’ 


/,  Vtj  V 

(I  y )\ y-v  •• 


7T  2 2 V 

= tYII  - y )f  ^ . 


rill-  oritMiial  v.i  r i.i  l)li- s may  1><-  suhst  for  y ami  /.  to  yu 


or 


and 


or 


The  last  equation  indicates  a point  of  inflection  at 


vv 

w = 


0.  8862  3 , 


(A  - 1 1) 


(A  - 12) 


(A-I3) 


(A-14) 
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where  the  value  of  the  tangent  is 


= = 2.  ns  . 


(A-15) 


When  a small  error  in  the  measurement  of  the  liuht  ratio  L.,/L  is  made,  the 

M 

approximate  error  in  the  spot-sizi-  ratio  is  obt.iined  from  Equation  A- 12  as 


w)  = (^) 


e ' ' A-t — 


(A -If,) 


which  is  plotted  in  Figure  A 1. 


Since  the  quantities  1 and  1 .ire  o!)serve<i  indepeniient  1 v,  the  I’rror  in  their 


ratio  is 


Lj.A  E AIj..  - Ek.Alj 
M \ o M M o 


(A-17) 


Therefore,  the  maximum  error  in  this  ratio  is 


/L.,\  E AL-,  4 E..AI.  AE.,  + AL 

. M\,  . oM  Mo<  M o 

A — (max)  = , = , 


(A- 18) 


and  the  rms  error  is 


Al (rms)  = 


(A-19) 


With  the  assumption  that  the  error  in  each  observation  is  either  independent 
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APPKNDIX  A - mClUVA  l ion  OF  EllKOU  EQUA  TIONS 


OER-'^C.TO 


of  thr  nni|)litn<h‘,  or  rT  i-  incrc.i  with  n tiipl  it  M(h* , thi-:w 


ff  lilt  tons  IxTotiu' 


(A-^0) 


A r«'ii  soiiiihlr  volui'  for  the  <■  ornhi  n>-«l  roinlini;  rrror  iitul  i.a  1 ihr  at  ion  orror  of 
;i  moving-.'itylus  (»r:i|)hic  ri'coril.  r is 


AL 

o 


Jt  0,  0 1 


(A-.’.l) 
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Then  the  maximum  error  is 


(A-25) 


(A-26) 


If  the  smallest  aperture  can  bo  measured  with  one-percent  accuracy,  the  above 
expressions,  used  with  Equat ion  A-i  1 . become 


'^’(max)  = 0.  02  ^e  ' • 0.  0 1 


V / w N 

7 ITT 


(A-27) 


Aw  . < 

— - (rtns)  = 


Tt  Av 


0. 0002 


1/2 


0. 0001 


If  the  output  of  the  phototvjbe  is  ilisplayed  on  an  oscilloscope  of  good  design, 
the  errors  become 
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